We refine the definition of the fractional Galois ideal introduced in [Paul Buckingham. The canonical fractional Galois ideal at s = 0. J. Number Theory, 128(6):1749-1768, 2008] which was based on Snaith's fractional ideal, allowing us to give a general relationship of this object with the Stark elements appearing in Rubin's integral sharpening of Stark's Conjecture. We motivate this by using theorems of Büyükboduk, Popescu and Rubin to illustrate how one can obtain information about the Fitting ideals of class-groups from the fractional Galois ideal.
Introduction
Suppose L/K is an abelian extension of global fields with Galois group G. There is growing evidence -see for example [6, 12, 13] and [10] in the function field case -that algebraic information about the class-group of L, considered as a Z[G]-module, can be expressed in terms of the Stark elements conjectured to exist by Rubin's integral refinement of the Stark Conjecture. (We will review the conjectures of Stark and Rubin in Section 3.) Some important observations towards this phenomenon were made by Thaine [21] , who showed that Z[G]-annihilators of class-groups of cyclotomic fields can be constructed from Z[G]-annihilators of units modulo cyclotomic units, which are the Stark elements for cyclotomic fields. See [6, 8, 12, 15] for later work in similar directions and generalizing these ideas.
The purpose of this paper is to show that a certain finitely generated Z[G]-submodule of Q[G], i.e. a fractional ideal in Q [G] , gives the annihilator ideal of a particular quotient involving the Stark elements, and to provide evidence, using results of Popescu [11] , Rubin [14] and Büyükboduk [6] , that this description of the fractional ideal in terms of Stark elements allows one to construct non-trivial annihilators of class-groups from the fractional ideal. We refer the reader to work of Snaith [17, 18] which concerns the analogous higher K-group situation.
We here build on [2] , which treated the case of cyclotomic extensions of Q of prime-power conductor. The difficulty overcome in this paper is to deal with the situation where the L-functions associated to the extension L/K have arbitrary order of vanishing at s = 0 -in the prime-power conductor case described in [2] , all L-functions have order of vanishing at most 1 at s = 0. The result is a general relationship between the fractional ideal and the Stark elements, with the only assumptions being standard hypotheses required for the formulation of Rubin's Conjecture and that the Stark elements exist.
χ M is the character of the representation M ⊗ F C and ·, · is the usual Hermitian product on the space of class functions on G. In fact,
Note that, since G is finite, e M [r] = 0 for r large enough. The next proposition justifies the use of the term linearization.
Proposition 2.2 For any finitely generated
Proof. This follows from the readily proven fact that for every r ≥ 0,
Suppose M 1 and M 2 are finitely generated F [G]-modules which are isomorphic to each other.
by taking exterior powers and applying the idempotents e M1 [r] = e M2 [r] . In this way, L(−) can be thought of as a functor from the category whose objects are finitely generated F [G]-modules with morphisms
to the category of rank 1 free
In terms of taking determinants of endomorphisms of finitely generated F [G]-modules, L(−) can be viewed as an appropriate analogue of the maximal exterior power of a finite dimensional vector space. Indeed,
Proof. A simple argument allows one to reduce to the case where M is free, and then the result is standard.
The conjectures of Stark and Rubin

Stark's Conjecture
In this section, L/K will be an arbitrary Galois extension of global fields with Galois group G, and S a finite non-empty set of places of K, containing the infinite ones in the number field case. Recall that
where ζ * L,S (0) is the leading coefficient of the Taylor series of the S-truncated Dedekind ζ-function of L at 0, Cl(O L,S ) is the S-class-group of L, µ(L) is the group of roots of unity in L, and R L,S is the S-regulator. In particular, the left-hand side of (3.1), which is a priori an element of R × , is in fact rational. Stark's conjecture predicts that a similar phenomenon will occur for all L-functions of the extension L/K, rather than just the Dedekind ζ-function, which is the L-function associated to the trivial character. We briefly recall the formulation due to Tate in [20, Ch.I] .
Let O L,S denote the S L -integers in L, where S L is the set of places of L above those in S, and let X be the kernel of the augmentation map Y → Z on the free abelian group Y on S L . Then the
is an isomorphism -this follows from Dirichlet's Unit Theorem in the characteristic zero case and from the Riemann-Roch theorem in the positive characteristic case. In fact, it is not only an isomorphism of R-vector spaces, but of R[G]-modules as well. A fact from the representation theory of finite groups (see the remark after [16, Prop.33 
Having made this choice of f , for any character χ of G we define the regulator R f (χ) ∈ C × of χ to be the determinant over C of the C-linear map
where V is any realization of χ. The following is Tate's formulation of Stark's Conjecture:
Remark. It is shown in [20, Ch.I, Section 7] that the truth or otherwise of Conjecture 3.1 is independent of the choices of S and f . Therefore, it is a property solely of the extension L/K. The conjecture holds in the function field case.
In fact, we will only be interested in the situation where L/K is abelian, and in this case we choose to work with a more convenient formulation of Conjecture 3.1 which will make the definition of the fractional Galois ideal more transparent. We now build towards that formulation.
Definition 3.2 A basic triple is a triple (L/K, S, T ) where L/K is an abelian extension of global fields, S is a finite non-empty set of places of K, containing the infinite ones if char(K) = 0, and T is a finite non-empty set of places of
denotes the characteristic polynomial of the action of the Frobenius at v on the inertia fixed-points of a realization of χ.) We then let
× , where for each χ ∈ G, e χ denotes the corresponding idempotent in
, where R(G) is the representation ring of G, Q c is the algebraic closure of Q in C, and
× if and only if the map
Remark. T actually plays no role in the above, since
However, the definition of the fractional Galois ideal will be a sharpening of the definition of J Q (L/K, S, T ), and this sharpening will be sensitive to the choice of T .
Rubin's Conjecture
Stark's Conjecture can be seen (particularly in view of Proposition 3.4) as a prediction concerning the rationality of L-functions when compared with regulators. In [14] , Rubin formulated a conjecture attempting to describe more precisely the relationship between L-functions and regulators. As explained in [14, Section
-module (G an arbitrary finite abelian group), then for each r ≥ 0 there is a well-defined homomorphism
By abuse of notation, we will denote the image of φ 1 ∧ · · · ∧ φ r under this map by the same symbol, so that given m 1 , . . . , m r ∈ M we write simply
We will also extend the map ( 
Definition 3.5 For any Z[G]-module M and any
Assuming Conjecture 3.6 holds, there is a unique
(r) (E S,T,r ), and we call E S,T,r the group of rank r Stark elements. The quotient Ω S,T,r /E S,T,r is a finite Z[G]-module which will be of significant interest to us.
Remark. E S,T,r is generated by one element over Z 
The fractional Galois ideal
3 is a very coarse object, and only measures whether or not Stark's Conjecture holds for L/K. By imposing an integrality condition in its definition, we can obtain an object which is closely related to the Stark elements appearing in Rubin's integral refinement of Stark's Conjecture. 
Definition 4.1 Let (L/K, S, T ) be any basic triple (recall Definition 3.2) and G = Gal(L/K).
Then we define the fractional Galois ideal J (L/K, S, T ) to be the set
θ L/K,S,T det R[G] (α • L(λ) −1 ) α ∈ Hom Q[G] (L(O × L,S ⊗ Z Q), L(X ⊗ Z Q)) and α(Ω S,T,r ) ⊆ e[r] r Z[G],tf X for all r ≥ 0 . Again, because L(O × L,S ⊗ Z Q) and L(X ⊗ Z Q) are free of rank 1 over Q[G], J (L/K, S, T ) is a Z[G]-submodule of R[G],
Proposition 4.2 For any
one finds thatα again satisfies the integrality condition in the definition of J (L/K, S, T ), and
As a consequence of Proposition 4.2, J (L/K, S, T ) decomposes as
Relationship to Stark elements
We now describe the relationship of J (L/K, S, T ) to the (conjectural) Stark elements. Known cases of Rubin's Conjecture, and therefore cases in which the following theorem becomes conditionless, will be discussed in Section 4.2. where G = Gal(L/K).
Proof. We begin with the observation that if φ : M → N and ψ : N → M are R[G]-module homomorphisms, of which at least one is an isomorphism, then det
,tf X for all non-negative integers t. For the purposes of this proof, we shorten θ L/K,S,T to θ, and also e[r]θ to θ r . Then
. However, by the choice of α, this lies in 
This shows the inclusion "⊇", completing the proof.
Known cases of Rubin's Conjecture
Rubin's Conjecture holds in the following cases, and in these cases Theorem 4.3 will therefore hold unconditionally: 
, a more explicit equivalent conjecture is Conjecture C(L/K) of [4] . We remark that Conjecture C(L/K) has the following base change property for abelian extensions
Case (i) in the list above follows from Burns and Greither's proof in [5] of the ETNC for the pair
when L is cyclotomic, together with the aforementioned base-change property. Case (ii) is due to Bley's work in [1] on the ETNC for imaginary quadratic fields of class-number one (see [1] for a precise description of the known cases). (iii) can be found in [19] , where the rank one version of the conjecture, which Rubin's Conjecture was based on, was first stated. (iv) is proven in [14] itself. For details of (v), see [7] .
Examples
We now provide examples of how Theorem 4.3 can be used to describe a link between J (L/K, S, T ) and class-groups. Here, Cl(L) S,T will denote the S L -ray class-group modulo T L , namely 
where
Before proving this, we give a lemma. 
Proof. It is straightforward to reduce to the case n = 1 and M = 0. So, suppose IM = N . If N = 0, then the statement is clear since then I = 0 also and so ann R (M/N ) = ann R (M ) = 0 = I. Now suppose that N is non-zero. That I ⊆ ann R (M/N ) is immediate. For the reverse inclusion, first note that since M is R-torsion free, it embeds naturally into M ⊗ R F where F is the fraction field of R. The same consequently holds for N . Therefore M = I −1 N = {rb | r ∈ I −1 }, choosing a generator b of N . Given s ∈ ann R (M/N ) and r ∈ I −1 , srb ∈ N and so is equal to tb for some t ∈ R. But then, since N is generated freely by b = 0, sr = t ∈ R. Thus any s ∈ ann R (M/N ) satisfies sI 
, which is isomorphic (as an R i -module) to the fraction field of R i . The cyclicity is a consequence of the remark following Conjecture 3.6.
Since Ω S,T,r is finitely generated over Z[G],
Combining this with (5.2), we therefore have
We now take the setup from [6] , namely: K is a totally real field, L/K a non-trivial totally real cyclic extension with Galois group G, p a prime congruent to 1 mod [L : K] and such that no prime of K above p ramifies in L/K, and χ : G → Z × p a faithful character. We also view Z p as a subring of C by fixing an isomorphism C p → C.
We further demand that the sets S and T be chosen as follows: S is any finite set of places of K containing the [K : Q] infinite ones and the ones which ramify in L/K, and assume that S contains at least [K : Q] + 1 places but no places above p and no finite places that split completely in L/K. T is any finite set of places of K disjoint from S and such that (St4) is satisfied (which in our case happens whenever T contains a finite prime not above 2 since L is real), and such that p does not divide Np − 1 for any p ∈ T . For example, the set T consisting of the places of K above p will satisfy all the conditions we require.
In the following Cl(L) will denote the ordinary class-group of L, i.e. the class-group of the Dedekind domain O L .
Proposition 5.3 Assume Rubin's integral Stark conjecture holds for the base field
Here, for a Z p [G]-module A, A χ denotes the submodule on which elements of G act via χ. We will show in the course of the proof of Proposition 5.3, which we now turn to, that χ(Z p J (L/K, S, T )) is indeed an ideal in Z p .
Proof. Let r = [K : Q]. The assumptions on S imply, using [20, Ch.I, Prop.3.4] , that r(χ) = r, so e χ e[r] = e χ . Therefore Theorem 4.3 shows that e χ J (L/K, S, T ) = e χ ann Z [G] (Ω S,T,r /E S,T,r ).
Hence
Z p e χ J (L/K, S, T ) = e χ ann Zp [G] ((Ω S,T,r /E S,T,r ) ⊗ Z Z p ) = ann eχZp [G] e χ (Ω S,T,r ⊗ Z Z p ) e χ (E S,T,r ⊗ Z Z p ) . 
and by [6, Theorem B] this is
